The main goal of this paper is to investigate the blow-up phenomena of solutions to a weakly dissipative generalized Camassa-Holm equation, which contains higher power nonlinear dispersion terms and a convection term. We give a sufficient condition on the initial data such that the strong solution blows up at a finite time, and then we establish an estimate of the blow-up time. Finally, we give a global existence result of the strong solution. MSC: 35A35; 35B30; 35G25; 35Q53
Introduction
In recent years, following the research of the Burgers equation, the KdV equation, and the BBM equation [] , the generalized Camassa-Holm equation which was recently discovered by Novikov [] . Since the Novikov equation possesses a matrix Lax pair and has a bi-Hamiltonian structure as the Camassa-Holm equation, this equation has been studied by many researchers in the past few years, the well-posedness and persistence properties were studied by Lai et 
it is very similar with (.), but (.) contains the higher power nonlinear dispersion terms (k + )u k- u x u xx , u k u xxx , and the nonlinear convection term (k + )u k u x .
Compared to [] , the main difficulty in this paper comes from the nonlinear effect of higher power nonlinear dispersion terms (k + )u k- u x u xx , u k u xxx , and the nonlinear con-
On the other hand, in the proof of the blow-up property of the solution to (.), we need the sign of the term u k- (t, x), but u(t, x) changes the sign for x ∈ R. Compared to the classical Camassa-Holm equation (k = ) and the classical Novikov equation (k = ), the term u k- (t, x) disappears, accordingly. Therefore, we generalized the blow-up property of solutions to the Cauchy problem (.). We first give a sufficient condition on the initial data such that the strong solution of (.) blows up at a finite time, and then we establish an estimate of the blow-up time. Finally, we give a global existence result of the strong solution of (.).
The paper is organized as follows. In Section , we give some preliminaries used in our investigation. In Section , we give in our main conclusion the blow-up scenario and global existence result.
Preliminaries
We first review some notations. The convolution between two functions f (x) and g(x):
where S is the Schwartz class. For any f (x) ∈ S, the Fourier transform of f (x) is defined by F(f (x)) =f (ξ ), the inverse Fourier transform off (ξ ) denoted by
Set y = u -u xx , the Cauchy problem (.) becomes
, and G * y = u(t, x), and thus the Cauchy problem (.)
can be rewritten as
Zhao et al. [, ] gave the local and global existence of solutions to the Cauchy problem (.), it is crucial in our discussion.
Moreover, the mapping u
Hölder continuous.
We now describe some properties of solutions of the following initial value problem:
where u(t, x) is a solution to the Cauchy problem (.). The following important properties are immediate consequence of the classical results in the theory of ordinary differential equations.
and T = T(u  ) >  be the maximal existence time of the corresponding solution u(t, x) to (.), then the problem (.) has a unique solution q ∈ C  ([, T) × R; R). Moreover, the map q(t, ·) is an increasing diffeomorphism of R with
q x (t, x) = exp k t  u k- u x (s, x) ds , (t, x) ∈ [, T) × R. (  .  ) Lemma . Let u  (x) ∈ H s (R), s >   ,
and T = T(u  ) >  be the maximal existence time of the corresponding solution u(t, x) to (.). For y(t, x)
. Thanks to (.) and (.), we have
This concludes the proof.
Lemma . Let u(t, x) be the solution to (.). Then we have
The proof carries over with a slight modification and we present it here for the reader's convenience. Thanks to y = u -u xx and integrating by parts, we have
Together with (.) and (.), on integration by parts we have
Therefore,
Integrating with respect to t from  to t, we get the desired conclusion. 
Blow-up and global existence
Following the local existence Theorem ., we will give our main result on the blow-up property of solution to (.). We first give a sufficient condition to guarantee that the solution blows up at a finite time.
and T = T(u  ) >  be the maximal existence time of the corresponding solution u(t, x) to (.). Assume k =  or k = n, n is a positive integer, if there exists an x
Then the corresponding solution to (.) with initial data u  (x) blows up at finite time T with
Proof For k = , the result can be found in Wu and Yin [] . We just show that the results hold for k = n, n ∈ N , and the initial data u  ∈ H  (R), for the general case we can use the smooth approximate technique and denseness. http://www.journalofinequalitiesandapplications.com/content/2014/1/514
Let T >  be the maximal existence time of the solution u(t, x) to (.) with initial data u  (x). Thanks to (.), (.), and (.), we have y(t, q(t, x  )) = , and, for all t > , we have
With the help of u(·, x) = G * y(·, x), x ∈ R, we have
and
After direct calculations we get
([, T); H  (R)), and u xt (t, x) ∈ C([, T); H  (R)).

From (.) to (.) we have
Notice y(t, q(t, x  )) = , using (.), (.), and (.) we have
Now we calculate the first term on the right hand side of (.). From (.), (.), and y(t, q(t, x  )) = , we obtain
By (.), integration by parts gives
Thanks to y = u -u xx and (.), we get
we have
Thanks to (.),
together with (.) and (.),
we have u x (t, q(t, x  )) ≤ . Noticing k = n, n is a positive integer, we have
This implies
Similarly, we repeat the above calculations and obtain
Inserting (.) and (.) into (.), we get
Thanks to the Cauchy-Schwartz inequality,
from Lemma ., we have
Combining (.) with (.), we have
We now define a function y(t, x) and due to the positivity of G(x), we obtain u(t, x) ≤ , for all t ≥ , u(t, x) + u x (t, x) ≤ , and u(t, x) -u x (t, x) ≤ , and these imply that, for all (t, x) ∈ [, T) × R,
we obtain u(t, x) ∈ C([, +∞); H s (R)) ∩ C  ([, +∞); H s- (R)) by Theorem ..
Therefore, we find that the solution exists globally in time.
